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Abstract
Let G be a semisimple algebraic group over an algebraically closed
field of characteristic p ≥ 0. At the 1966 International Congress of
Mathematicians in Moscow, Robert Steinberg conjectured that two
elements a, a′ ∈ G are conjugate in G if and only if f(a) and f(a′)
are conjugate in GL(V ) for every rational irreducible representation
f : G → GL(V ). Steinberg showed that the conjecture holds if a and
a′ are semisimple, and also proved the conjecture when p = 0. In this
paper, we give a counterexample to Steinberg’s conjecture. Specifically,
we show that when p = 2 and G is simple of type C5, there exist two
non-conjugate unipotent elements u, u′ ∈ G such that f(u) and f(u′)
are conjugate in GL(V ) for every rational irreducible representation
f : G→ GL(V ).
1 Introduction
Let G be a semisimple algebraic group over an algebraically closed field K of
characteristic p ≥ 0. At the 1966 International Congress of Mathematicians
in Moscow, Steinberg proposed the following conjecture [Ste68, Problem (4)].
Conjecture 1.1 (Steinberg). Two elements a and a′ of G are conjugate in
G if and only if f(a) and f(a′) are conjugate in GL(V ) for every rational
irreducible representation f : G→ GL(V ).
One motivation for the conjecture, observed by Steinberg in [Ste68], is
that a positive answer to the conjecture would imply that G has only a finite
number of unipotent conjugacy classes. When Steinberg posed Conjecture
1.1, the finiteness of the number of unipotent conjugacy classes was known
in good characteristic [Ric67, Proposition 5.2], and it was eventually shown
to be true in general by Lusztig [Lus76]. Lusztig’s proof, based on the theory
of Deligne-Lusztig characters of finite groups of Lie type, still remains the
only known uniform proof of the result in characteristic p > 0.
The main purpose of this paper is to provide a counterexample to Con-
jecture 1.1. Specifically, our main result is the following, which is given by
Theorem 6.1:
∗Email address: mikko.korhonen@epfl.ch, korhonen_mikko@hotmail.com
1
Theorem 1.2. Let p = 2 and let G be simple of type C5. Then there exist
two non-conjugate unipotent elements of u, u′ ∈ G such that f(u) and f(u′)
are conjugate in GL(V ) for every rational irreducible representation f : G→
GL(V ).
We will also show that in the case of unipotent elements, our counter-
example is minimal in the sense that up to isogenies, there are no other
examples for simple groups of rank at most 5 (Theorem 6.4).
In general Conjecture 1.1 remains open, and more work is needed to see
when exactly it does hold. Steinberg proved Conjecture 1.1 in the case where
a and a′ are both semisimple [Ste65, 6.6], and also in the case where p = 0
[Ste78, Theorem 3]. Currently it is not known whether the conjecture holds
in the case where p is a good prime for G, and the following related conjecture
also remains open.
Conjecture 1.3. Two elements a and a′ of G are conjugate in G if and only
if f(a) and f(a′) are conjugate in GL(V ) for every rational representation
f : G→ GL(V ).
Obviously a counterexample to Conjecture 1.3 would also give a counter-
example to Conjecture 1.1. However, since rational representations of G are
usually not completely reducible, it does not seem clear that the converse is
true. Indeed, we do not know whether our counterexample to Conjecture 1.1
gives a counterexample to Conjecture 1.3 - see Remark 6.2.
The work done in this paper is strongly based on calculations implemented
in MAGMA [BCP97], and we discuss the computational aspects in Section 4.
Some computations similar to ours have also been done in previous work of
Lawther [Law95], who considered exceptional G and the action of unipotent
elements of G on the adjoint and minimal modules of G.
2 Notation
We fix the following notation and terminology. Throughout the text, let K
be an algebraically closed field of characteristic p > 0. All the groups that
we consider are linear algebraic groups over K, and G will always denote a
simple linear algebraic group over K. We say that p is good for G, if G is
simple of type Al; if G is simple of type Bl, Cl, or Dl, and p > 2; if G is
simple of type G2, F4, E6, or E7, and p > 3; or if G is simple of type E8 and
p > 5. Otherwise we say that the prime p is bad for G.
For the unipotent conjugacy classes in G, we will use the labeling given by
the Bala-Carter classification of unipotent conjugacy classes [BC76a, BC76b],
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which is valid in good characteristic by Pommerening’s theorem [Pom77,
Pom80]. When G is simple of exceptional type and p is bad for G, the labeling
is extended to bad characteristic as well, although there are more unipotent
classes and we label them as in [Law95]. See for example [Law95, pp. 4128–
4129] for further explanation.
We fix a maximal torus T of G with character group X(T ). Fix a base
∆ = {α1, . . . , αl} for the root system of G, where l is the rank of G. Here
we use the standard Bourbaki labeling of the simple roots αi, as given in
[Hum72, 11.4, p. 58]. We denote the dominant weights with respect to ∆ by
X(T )+, and the fundamental dominant weight corresponding to αi is denoted
by ̟i. For a dominant weight λ ∈ X(T )+, we can write λ =
∑l
i=1 ai̟i for
unique integers ai ∈ Z≥0. We say that λ is p-restricted, if 0 ≤ ai ≤ p− 1 for
all 1 ≤ i ≤ l. The longest element in the Weyl group of G is denoted by w0.
We set the usual partial ordering  on X(T ), i.e. for µ, λ ∈ X(T ) we have
µ  λ if and only if λ = µ, or λ− µ is a sum of positive roots.
We use the notation LG(λ) for the irreducible G-module with highest
weight λ ∈ X(T )+, and denote by VG(λ) the Weyl module of highest weight
λ ∈ X(T )+.
If a G-module V has a filtration V = V1 ⊃ V2 ⊃ · · · ⊃ Vt ⊃ Vt+1 = 0 such
that for all 1 ≤ i ≤ t we have Vi/Vi+1 ∼= VG(λi) for some λi ∈ X(T )+, we
say that V has a Weyl filtration. We say that V admits a good filtration if
the dual module V ∗ admits a Weyl filtration, and we say that V is tilting if
both V and V ∗ admit a Weyl filtration. For a dominant weight λ ∈ X(T )+,
we denote by TG(λ) the indecomposable tilting module of highest weight λ,
which exists and is unique up to isomorphism by a result due to Ringel and
Donkin [Rin91] [Don93].
Throughout, V will denote a finite-dimensional vector space over K. Let
u ∈ GL(V ) be a unipotent linear map. It will often be convenient for us
to describe the action of u on a representation in terms of K[u]-modules.
Suppose that u has order q = pt. Then there exist exactly q indecomposable
K[u]-modules which we will denote by J1, J2, . . ., Jq. Here dim Ji = i and u
acts on Ji as a full Jordan block. We use the notation r ·Jn for the direct sum
Jn⊕· · ·⊕Jn, where Jn occurs r times. For the Jordan form of u acting on V we
will often use the notation (dn11 , . . . , d
nt
t ) when V ↓ K[u] = n1·Jd1⊕· · ·⊕nt ·Jdt
for integers 1 ≤ d1 < · · · < dt and ni > 0.
A bilinear form β on V is non-degenerate, if its radical rad β = {v ∈ V :
β(v, w) = 0 for all w ∈ V } is zero. For a quadratic form Q : V → K on a
vector space V , its polarization is the bilinear form βQ defined by βQ(v, w) =
Q(v + w)−Q(v)−Q(w) for all v, w ∈ V . We say that Q is non-degenerate,
if its radical radQ = {v ∈ rad βQ : Q(v) = 0} is zero.
Let V be a G-module with associated representation f : G → GL(V ).
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We say that two elements g, g′ ∈ G act similarly on V if f(g) and f(g′) are
conjugate in GL(V ). If f(g) and f(g′) are not conjugate in GL(V ), we say
that f (or V ) separates the conjugacy classes of g and g′.
3 Preliminaries
In this section, we record some basic obversations in relation to Conjecture
1.1.
Lemma 3.1. Suppose that G is simply connected. Let a, a′ ∈ G. If a and
a′ act similarly on TG(̟i) for all 1 ≤ i ≤ l, then a and a′ act similarly on
TG(λ) for all λ ∈ X(T )+.
Proof. Here we use the inductive technique from [Don85, Proof of 3.5.4].
Define a partial order ≤ on X(T )+ by setting µ ≤ λ if and only if λ − µ =∑l
i=1 qiαi for qi ∈ Q with qi ≥ 0. Note that for a fixed λ ∈ X(T )
+, the number
of dominant weights µ ≤ λ is finite, by the argument given in [Hum72, Proof
of Lemma 13.2B].
Assume that a and a′ act similarly on TG(̟i) for all 1 ≤ i ≤ l. Suppose
for the sake of contradiction that a and a′ do not act similarly on TG(λ)
for some λ ∈ X(T )+, and assume that λ is a minimal counterexample with
respect to ≤.
Write λ = ̟i+µ for some 1 ≤ i ≤ l and non-zero µ ∈ X(T )+. We consider
the tensor product TG(̟i)⊗ TG(µ), which is a tilting module by a theorem
due to Donkin and Mathieu [Mat90]. Since all the weights of TG(̟i)⊗TG(µ)
are  λ and the weight λ occurs with multiplicity one, we have
TG(̟i)⊗ TG(µ) ∼= TG(λ)⊕
⊕
ν≺λ
ν∈X(T )+
n(ν) · TG(ν)
for some integers n(ν) ≥ 0. Now ̟i < λ and µ < λ, so by minimality of
λ the elements a and a′ act similarly on TG(̟i) and TG(µ), hence they act
similarly on the tensor product TG(̟i) ⊗ TG(µ). Furthermore, since ν ≺ λ
implies ν ≤ λ, the elements a and a′ act similarly on TG(ν) for all ν ≺ λ.
But then a and a′ must also act similarly on TG(λ), contradiction.
Lemma 3.2. Let G = Sp(V ), where dimV ≥ 4. If a, a′ ∈ G act similarly on
V , then a and a′ act similarly on TG(λ) for all λ ∈ X(T )+.
Proof. By Lemma 3.1, it will suffice to show that a and a′ act similarly on
TG(̟i) for all 1 ≤ i ≤ l. We show this by induction on i. For i = 1 there
is nothing to do since TG(̟1) ∼= V , so suppose that 1 < i ≤ l. Set ̟0 = 0.
4
Then note that the dominant weights µ  ̟i are precisely the µ = ̟j with
0 ≤ j ≤ i and i ≡ j mod 2. By [Don94, Appendix A], the exterior power
∧i(V ) is a tilting module with highest weight ̟i, so it follows that
∧i(V ) ∼= TG(̟i)⊕
⊕
0≤j<i
j≡i mod 2
nj · TG(̟j)
for some integers nj ≥ 0. By assumption a and a′ act similarly on ∧i(V ),
and by induction they act similarly on TG(̟j) for 0 ≤ j < i. Thus by the
isomorphism above we conclude that a and a′ act similarly on TG(̟i).
Note that Lemma 3.2 is only really useful in characteristic p = 2, since in
characteristic p > 2 two elements of Sp(V ) are conjugate if and only if they
are conjugate in GL(V ), see [Ger61, Proposition 2 of Chapter II].
Lemma 3.3. Let λ = (p − 1)̟1 + · · ·+ (p− 1)̟l. Then for any unipotent
element u ∈ G, we have LG(λ) ↓ K[u] = N · Jpk , where pk is the order of u
and N = dimLG(λ)/pk.
Proof. Without loss of generality, we can assume that u is contained in the
finite subgroup G(p) := G(Fp). Note that LG(λ) is the Steinberg module for
G(p), and by a result due to Steinberg its restriction to G(p) is projective
[Ste63, Theorem 8.2] [BN41, Theorem 1], see also [Hum87, §3]. Then the
restriction to the subgroup H = 〈u〉 is also projective [Alp86, Theorem 6, p.
33]. Since Jpk is the only projective indecomposable KH-module, the claim
follows.
Lemma 3.4. Assume that p = 2 and let G be simple of type Cl, l ≥ 2. Let
λ = ̟1 + · · ·+ ̟l−1. If u ∈ G is a unipotent element of order 2k > 2, then
LG(λ) ↓ K[u] = N · J2k , where N = dimLG(λ)/2
k.
Proof. Without loss of generality we can assume that G = Sp(V, β), where
V is a vector space of dimension 2l and β is a non-degenerate alternating
bilinear form on V . It follows from [Dye79, Theorem 5] that u is contained
in H = O(V,Q) for some non-degenerate quadratic form Q which polarizes
to β. Then we have u2 ∈ H◦ = SO(V,Q) since H◦ has index 2 in H .
We can also see H◦ as a subsystem subgroup of type Dl in G, since
H◦ is generated by short root subgroups of G. From this point of view, it
follows from [Sei87, Theorem 4.1] that the restriction of LG(λ) to H◦ is irre-
ducible, and that its highest weight is the sum of all fundamental dominant
weights of H◦. Hence LG(λ) ↓ K[u2] = N ′ · J2k−1 by Lemma 3.3, where
N ′ = dimLG(λ)/2
k−1. Thus u cannot act on LG(λ) with any Jordan blocks
of size < 2k. Since u has order 2k, we conclude that LG(λ) ↓ K[u] = N · J2k ,
where N = dimLG(λ)/2k.
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4 On computations
When studying Conjecture 1.1, one has to consider the following problem.
Problem 4.1. Let λ ∈ X(T )+ be a dominant weight and g ∈ G. What is the
Jordan normal form of g acting on LG(λ)?
Currently there is no general answer to Problem 4.1. One basic obstacle
here is that even determining the dimensions of the irreducible representa-
tions of G is a difficult open problem that is expected to remain open for
some time, so in general we cannot even expect an answer in the case where
g = 1. However, given a specific G, element g ∈ G, and highest weight λ, one
can use computational methods to construct the matrix of g acting on LG(λ)
with respect to some basis; standard algorithms then allow one to find the
Jordan normal form of this matrix. We have used MAGMA for the computer
calculations done in this paper, the purpose of this section is to outline the
methods used.
Throughout this section we will assume that λ is p-restricted, since with
Steinberg’s tensor product theorem [Ste63, Theorem 6.1] any computation
can be reduced to this case. Furthermore, we will assume that g is unipotent
since all of the computations in this paper are given in this case; similar com-
putations are possible in the general case as well. Note that in the unipotent
case the question is what are the Jordan block sizes and their multiplicities
for g acting on LG(λ).
4.1 Chevalley construction
We first describe a general method, where the idea is to follow the construc-
tion of Chevalley groups from complex semisimple Lie algebras, as in [Ste16].
To begin with, we have algorithms to construct the irreducible representation
of highest weight λ for the corresponding Lie algebra in characteristic zero
[dG01]. Then by exponentiation and reduction modulo p, one can construct
VG(λ) [CMT04, p. 1488]. This construction of VG(λ) has been implemented
in MAGMA, and it allows one to find the action of each root element xα(c)
with respect to a fixed basis of weight vectors in VG(λ). Given VG(λ) in this
manner, one can implement methods to construct LG(λ) as the unique sim-
ple quotient of VG(λ), or equivalently as the unique simple submodule of
VG(−w0λ)
∗. For more details on this computation of LG(λ), see for example
[dG17, Section 5.5].
Finally, one can find a representative for the conjugacy class of g in G
as a product of root elements of the form xα(±1) and thus compute the
matrix of g acting on LG(λ). When G is simple of exceptional type, explicit
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representatives for the unipotent conjugacy classes in terms of root elements
were first given in [Cha68], [Eno70], [Sho74], [Shi74], [Miz77], and [Miz80].
For computations, we have used representatives from the tables in [Sim13],
which are based on [LS12] and some computations due to Ross Lawther. For
G simple of classical type, representatives in terms of root elements of the
form xα(±1) are well known, but do not seem to appear explicitly in the
literature. For p 6= 2, see [Sup09, Lemma 2.24, Proof of Lemma 2.39] for one
method of finding representatives. With similar ideas, explicit representatives
can be constructed in characteristic p = 2 as well, but we shall omit the
details from this paper.
4.2 Computing with finite groups of Lie type
The computation based on the Chevalley construction works in general, but
it requires the computation of a representation in characteristic zero, which
in our setting can be slow and comes with a high memory cost for large-
dimensional representations. For our purposes, it is sometimes better to start
in positive characteristic p > 0 in the first place. Many of our computations
have been done with the corresponding finite group of Lie type G(p) := G(Fp)
in small characteristic (usually p = 2), and in this case matrix computations
and the “Meataxe” algorithm are especially efficient [Par84] [HR94] [Hol98]
[IL00]. Note that since g is unipotent, by replacing g with a conjugate, we
may assume that g is contained in the finite group G(p). This is well known,
and follows for example from the fact mentioned above that the conjugacy
class of g in G has a representative which is a product of root elements of
the form xα(±1).
Also useful for us is the result of Steinberg [Ste62] that G(p) can always be
generated by two elements. This speeds up the computations and reduces the
amount of memory needed compared to the Chevalley construction, where
computations involving many root elements are needed. Explicit matrices
corresponding to the generators provided by Steinberg are given in [Tay87],
[RT98], [HRT01], and have been implemented in MAGMA. This gives us
G(p) = 〈A,B〉 for explicit matrices A and B acting on an Fp[G(p)]-module
W . For classical types W is the natural module, while for exceptional types
W corresponds to the non-trivial Weyl module of minimal dimension.
We now describe how the action of g on LG(λ) is computed. First, by an-
other result due to Steinberg, every irreducible KG-module with p-restricted
highest weight λ is defined over Fp and every irreducible Fp[G(p)]-module is
absolutely irreducible [Ste63, Corollary 7.5]. That is, as K[G(p)]-modules we
have LG(λ) ∼= V ⊗FpK for an irreducible Fp[G(p)]-module V , so it will suffice
to compute the matrix of g acting on V with respect to some basis.
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Before computing V , as a preliminary step one should find a represen-
tative for the conjugacy class of g in G as a relatively short word in the
generators A and B. Then once we have computed matrices representing the
action of A and B on V , it will be efficient to find the Jordan normal form of
g acting on V . For our computations, a simple random search among words
in A and B has been sufficient. For each randomly chosen word
w = Ai1Bj1Ai2Bj2 · · ·
we test for conjugacy with g by first checking if w is unipotent with same
order as g. Then if w is unipotent, we can usually recognize the unipotent
conjugacy class of w in G from its Jordan normal form on W , although
in small characteristic some additional information is needed. For classical
groups in characteristic p = 2, we need to use the corresponding alternating
or quadratic form on the natural module, see [Hes79]. For G simple of ex-
ceptional type, we have used [Law09, Section 3] to distinguish between the
unipotent conjugacy classes. As an example, we have used this method in the
case where G is of type E8 and p = 2 to find representatives for all unipotent
conjugacy classes of G as words in the generators A and B of E8(2).
For the construction of V , in the cases that we consider, we are able to
construct V as the unique composition factor of its dimension within certain
modules involving tensor products and exterior powers ofW . There are meth-
ods in the MAGMA library for computation of exterior powers and tensor
products of Fp[G(p)]-modules, and also an implementation of the Meataxe
algorithm which allows one to compute the composition factors of a given
Fp[G(p)]-module. Finding V as the unique composition factor of its dimension
is justified by calculations with characters of KG-modules, and the dimen-
sions and weight multiplicities of relevant Fp[G(p)]-modules found in [Lüb17].
5 Simple groups of exceptional type
In this section, we consider Conjecture 1.1 in the case where G is simple of
exceptional type and a, a′ ∈ G are unipotent elements. In this setting, in good
characteristic Conjecture 1.1 is seen to hold from computations of Lawther in
[Law95]. With further computations, using the methods described in Section
4, we can extend this to bad characteristic. We find that the only potential
counterexamples to Conjecture 1.1 in the unipotent case occur when p = 2
and G is simple of type E7 or E8.
Theorem 5.1. Let G be simple of exceptional type and let u, u′ ∈ G be
unipotent elements. Suppose that f(u) and f(u′) are conjugate in GL(V ) for
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every rational irreducible representation f : G→ GL(V ). Then either u and
u′ are conjugate in G, or one of the following holds:
(i) G is simple of type E7, p = 2, and the unipotent conjugacy classes of u
and u′ are A5A1 and D6(a2).
(ii) G is simple of type E8, p = 2, and the unipotent conjugacy classes of u
and u′ are one of the following:
• D5(a1)A1 and (D4A2)2,
• A5A1 and D6(a2),
• E7(a3) and D7(a1)2,
• E6A1 and E7(a2),
• E7(a1) and E8(b4).
Proof. To prove the theorem, without loss of generality we can assume that
G is simple of adjoint type. Consider the irreducible representation LG(β)
with highest weight the highest short root β. Then except for the pairs of
classes listed in Table 8.2, the representation LG(β) separates the unipotent
conjugacy classes of G. Indeed, when VG(β) ∼= LG(β), this follows from the
computations in [Law95]. If VG(β) is not irreducible, then it is well known
that (G, p) is (G2, 2), (F4, 3), (E6, 3), or (E7, 2); for these cases we refer to
the tables in the Appendix.
What remains then is to consider the pairs of classes listed in Table 8.2.
Except for the pairs listed in (i) and (ii), we find that the following irreducible
representations separate the pairs of classes in Table 8.2: for type G2, the
representation LG(̟2); for type F4, the representation LG(̟1); for type E6,
the representation LG(̟1 + ̟6); for type E7, the representation LG(̟6);
for type E8, the representation LG(̟7). This is seen from the tables in the
Appendix, and in the case where G is simple of type F4 and p = 3, from
[Law95, Table 4].
Remark 5.2. We do not know whether the pairs listed in Theorem 5.1
give counterexamples to Conjecture 1.1. However, given the counterexample
described in Section 6, it would not be surprising if at least some of these pairs
provide further counterexamples. This is further illustrated by our computer
calculations, which we have used to verify that for G = E7 and p = 2,
unipotent elements in classes A5A1 and D6(a2) act similarly on LG(̟i) for
i 6= 4. We have also verified that for G = E8 and p = 2, the pairs of unipotent
classes in Theorem 5.1 act similarly on LG(̟1).
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6 Counterexample
In this section, we give a counterexample to Conjecture 1.1. Let K be an
algebraically closed field of characteristic p = 2. Set V = K10 and define
β : V × V → K to be the non-degenerate alternating bilinear form given by
the matrix 

0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0


.
We consider
G = Sp10(K) = {A ∈ GL10(K) : β(Av,Aw) = β(v, w) for all v, w ∈ V }.
Note that G is a simple linear algebraic group and simply connected of type
C5. Our counterexample is given by two non-conjugate unipotent elements
of G, so we will have to first make some remarks about unipotent conjugacy
classes in G.
The unipotent conjugacy classes of the symplectic group in characteristic
2 were described by Hesselink in [Hes79]. Let u ∈ G be a unipotent element
of G and set X = u−1. The results of Hesselink [Hes79, Theorem 3.8, Section
3.9] show that the conjugacy class of u in G is uniquely determined by the
symbol
(d1
n1
χ(d1)
, . . . , dt
nt
χ(dt)
),
where 1 ≤ d1 < · · · < dt are the Jordan block sizes of u on V , with block size
di having multiplicity ni, and
χ(m) = min{n ≥ 0 : β(Xnv,Xn+1v) = 0 for all v ∈ KerXm}.
Our counterexample is given by the pair of unipotent classes of G corre-
sponding to the symbols (221, 63) and (2
2
0, 63), and we will demonstrate that
unipotent elements in these two conjugacy classes act similarly on every ra-
tional irreducible KG-module LG(λ).
Before proving this, we give representatives for these two unipotent con-
jugacy classes in Sp10(2). The generators of Sp10(2) < G from [Tay87] are
given by Sp10(2) = 〈A,B〉, where
10
A =


1 0 0 0 1 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1


and
B =


0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0


.
With a computer search, we have found that the elements
u = B4AB6AB5A
and
u′ = BAB2AB4AB3A
lie in the unipotent conjugacy classes ofG associated with the symbols (221, 63)
and (220, 63), respectively. We now give our main result.
Theorem 6.1. Let G and u, u′ ∈ G be as above. Then u and u′ are not
conjugate in G, but f(u) and f(u′) are conjugate in GL(V ) for every rational
irreducible representation f : G→ GL(V ).
Proof. By Steinberg’s tensor product theorem [Ste63, Theorem 6.1], it is clear
that it will be enough to prove that u and u′ act similarly on LG(λ) for all
2-restricted λ ∈ X(T )+. Furthermore, it follows from [Ste63, Theorem 11.1]
that when G is simple of type Cl, we have
LG(a1̟1 + · · ·+ al−1̟l−1 + al̟l) ∼= LG(a1̟1 + · · ·+ al−1̟l−1)⊗ LG(al̟l)
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for all ai ∈ {0, 1}. Consequently, it will be enough to check that u and u′ act
similarly on LG(̟5) and LG(a1̟1 + a2̟2 + a3̟3 + a4̟4) for all ai ∈ {0, 1}.
In most cases, we do this by a computer calculation (see Section 4.2), and we
have given the Jordan block sizes of u and u′ acting on these irreducible KG-
modules in Table 8.1. There are also alternative approaches in some cases,
which we explain in Remark 6.3 below.
First note that the fact that u and u′ act on LG(̟1+̟2+̟3+̟4) with
all Jordan blocks of size 8 follows from Lemma 3.2. For the rest of the cases,
we have computed the Jordan block sizes of u and u′ on LG(λ) by computing
their Jordan block sizes on the corresponding irreducible F2[Sp10(2)]-module,
which we also denote here by LG(λ) for clarity.
On the natural module V ∼= LG(̟1) both u and u′ act with Jordan blocks
(22, 6). For 2 ≤ i ≤ 5, the exterior power ∧i(V ) has highest weight ̟i and the
weight ̟i occurs with multiplicity 1. With a computation in MAGMA, we
find LG(̟i) as the unique composition factor of its dimension in ∧i(V ). Here
we use the list of dimensions of irreducible KG-modules with 2-restricted
highest weight provided by Frank Lübeck in [Lüb17], these dimensions are
also listed in Table 8.1 for convenience. By “finding LG(̟i)”, we mean that we
find matrices representing the action of the generators A and B of Sp10(K)
on LG(̟i), which then allows us to compute the corresponding matrices for
u and u′ and their Jordan normal forms. In this manner, one can verify that
u and u′ act on LG(̟i) with Jordan blocks as given in Table 8.1.
For 1 ≤ i < j ≤ 4, we compute LG(̟i + ̟j) as the unique composition
factor of its dimension in the tensor product of LG(̟i) and LG(̟j), this is
again justified by the character of the tensor product and the list of dimen-
sions. Finally, in a similar manner LG(̟i+̟j+̟k) for 1 ≤ i < j < k ≤ 4 is
found as the unique composition factor of its dimension in the tensor product
of LG(̟i) and LG(̟j + ̟k). This is computationally more demanding for
LG(ω2+ω3+ω4), but this case can be treated differently, see Remark 6.3.
Remark 6.2. We do not know whether our example gives a counterexample
to Conjecture 1.3, and it does not seem obvious that this should be the case.
Indeed, given a rational KG-module Z which is not semisimple, the amount
of information given by the action of a unipotent element on the composition
factors of Z seems to be rather limited. Thus it is not clear how to move
from the irreducible case to the general case.
However, it would be interesting to know whether the example described
in this section gives a counterexample to Conjecture 1.3 — especially if the
answer is yes, since a proof of this would probably give more insight into why
our counterexample works. A positive answer would also show that coun-
terexamples to Conjecture 1.3 could be found, when p = 2, in any simple
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algebraic group containing a group of type C5 or B5.
We note here that one can find non-irreducible K[Sp10(2)]-modules Z
where elements in the unipotent classes associated with the symbols (221, 63)
and (220, 63) act with different Jordan block sizes. For example, several such Z
can be found as a submodule of V ⊗V ⊗V , where V is the natural module as
above. However, it turns out in this case that Z is not a K[Sp10(4)]-module,
so in particular Z is not a K[Sp10(K)]-module.
Remark 6.3. There are also different ways to deduce that u and u′ act
similarly on LG(λ) for some of the λ ∈ X(T )+ considered in the proof of
Theorem 6.1. First note that since u and u′ both act with Jordan blocks (22, 6)
on V , it follows from Lemma 3.2 that u and u′ act similarly on LG(λ) if LG(λ)
is tilting. It is well known that LG(λ) is tilting if and only if dimLG(λ) =
dim VG(λ), and this equality can be checked with the dimensions of LG(λ)
provided in [Lüb17] and the dimension formula for the Weyl module VG(λ),
which has been implemented in MAGMA. We have marked the cases where
LG(λ) is tilting in Table 8.1 with a star (*).
A way to see that u and u′ act similarly on LG(̟5) without computation
is as follows. Recall that for p = 2, there is an exceptional isogeny ϕ : G→ G′
where G′ is a simple algebraic group of adjoint type B5 [Ste16, Theorem 28].
Let V ′ be a vector space of dimension 12 and Q a non-degenerate quadratic
form on V ′. Set G′′ = SO(V,Q), so G′′ is a simple algebraic group of type
D6. We may consider G′ as StabG′′(v) for some v ∈ V ′ such that Q(v) 6= 0.
Then as a G′-module we have 〈v〉⊥/〈v〉 ∼= LG′(̟1), so ϕ(u) and ϕ(u′) act on
〈v〉⊥/〈v〉 with Jordan blocks (22, 6).
It follows then for example from [Kor18, Lemma 3.8] that ϕ(u) and ϕ(u′)
act on V ′ with Jordan blocks (23, 6). Since all of the multiplicities of Jordan
blocks are odd, one can deduce from [Hes79, Theorem 3.8, Section 3.9] that
there is a unique conjugacy class of unipotent elements of G′′ which act on
V ′ with Jordan blocks (23, 6). In other words, the unipotent elements ϕ(u)
and ϕ(u′) must be conjugate in G′′. In particular, they act similarly on the
irreducible spin representation LG′′(̟6). By [Sei87, 8.1], the restriction of
this irreducible module to G′ is LG′(̟5), so ϕ(u) and ϕ(u′) act similarly on
LG′(̟5). This implies that u and u′ act similarly on LG(̟5).
Regarding this last argument about LG(̟5), we note that this generalizes
to G simply connected of type Cl (l ≥ 3). Here for p = 2, we have a map
ϕ : G→ SO(V ′, Q) via an exceptional isogeny as above, where V ′ is a vector
space of dimension 2l + 2 and Q is a non-degenerate quadratic form on V ′.
If u and u′ are unipotent elements such that ϕ(u) and ϕ(u′) are conjugate in
SO(V ′, Q), the same argument as above shows that u and u′ act similarly on
LG(̟l).
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However, in general this does not imply that u and u′ act similarly on
every irreducible KG-module. For example, consider G = Sp8(K) and let
u and u′ be unipotent elements associated with the symbols (221, 42) and
(220, 42). Then ϕ(u) and ϕ(u
′) are conjugate in SO(V ′, Q), but u and u′ do
not act similarly on LG(̟2): by a computation we find that they act on
LG(̟2) with Jordan block sizes (23, 45) and (14, 2, 45), respectively. With
further computations and arguments, we have found the somewhat curious
fact that here for any 2-restricted weight λ ∈ X(T )+ other than ̟2, the
unipotent elements u and u′ act similarly on LG(λ).
With further computations, using the method from Section 4.1, we can
verify that in the case of unipotent elements, the counterexample to Conjec-
ture 1.1 given by Theorem 6.1 is essentially the only one for simple G of rank
at most 5. More precisely, we have the following result.
Theorem 6.4. Let G be simple of rank at most 5 and let u, u′ ∈ G be
unipotent elements. Suppose that f(u) and f(u′) are conjugate in GL(V ) for
every rational irreducible representation f : G→ GL(V ). Then either u and
u′ are conjugate in G, or the following hold:
(i) p = 2 and there exists an isogeny ϕ : Sp10(K)→ G, and
(ii) the unipotent conjugacy classes in ϕ−1(u) and ϕ−1(u′) are those asso-
ciated with the symbols (221, 63) and (2
2
0, 63).
Proof. Without loss of generality we can assume that G is simple of adjoint
type. Our proof consists mostly of a computation with MAGMA (see Section
4.1) for all possible types of G. For the exceptional types that we need to
consider (type G2 and type F4) the claim already follows from Theorem 5.1,
so what remains is to consider the classical types.
In the case where G is simple of type Al with 1 ≤ l ≤ 5, by a computation
one can verify that except for one pair in the case where l = 3 and p = 2,
all pairs of unipotent conjugacy classes are separated by LG(̟1 + ̟l) or
LG(̟2 + ̟l−1). The pair of unipotent conjugacy classes in the case where
l = 3 and p = 2 is separated by LG(4̟1).
Suppose that G is simple of type Bl with 3 ≤ l ≤ 5. When p > 2,
the unipotent conjugacy classes are separated by the natural representation
LG(̟1), see [Ger61, Proposition 2 of Chapter II]. If p = 2, by [Ste16, Theorem
28] there exists an exceptional isogeny ϕ : G′ → G where G′ is simple of type
Cl, so the result will follow from the type Cl case which we treat next.
Let G be simple of type Cl with 2 ≤ l ≤ 5. When p > 2, with a computa-
tion one can verify that all pairs of unipotent conjugacy classes are separated
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by LG(̟2) or LG(2̟1). For p = 2, one computes that except for the pair of
classes corresponding to (ii) in the theorem, all pairs of conjugacy classes are
separated by some LG(̟i) (i even) or LG(2̟i) (i odd).
Finally for G simple of type Dl with 4 ≤ l ≤ 5, every pair of unipotent
conjugacy classes is separated by LG(2̟1), LG(̟2), or LG(2̟3); except for
one pair which occurs in the case where p = 2 and l = 5. This pair of
unipotent conjugacy classes is separated by LG(4̟4).
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8 Appendix: Tables
λ Jordan blocks on LG(λ) dimLG(λ)
10000 22, 6 10∗
01000 12, 22, 65, 8 44∗
00100 22, 68, 86 100
00010 28, 66, 814 164
00001 24, 64 32
11000 216, 616, 824 320∗
10100 28, 4, 623, 864 670
10010 232, 632, 8144 1408∗
01100 236, 634, 8304 2708
01010 26, 46, 616, 8374 3124
00110 232, 632, 81072 8832
11100 2128, 6128, 82112 17920∗
11010 224, 436, 644, 82744 22408
10110 238, 414, 654, 72, 86530 52710
01110 264, 664, 822816 183040∗
11110 8131072 1048576∗
Table 8.1: G = C5, p = 2: Jordan block sizes of unipotent elements in classes
(221, 63) and (2
2
0, 63) acting on LG(λ) for certain λ ∈ X(T )
+. Here we write
λ = a1a2a3a4a5 for λ = a1̟1+ a2̟2+ a3̟3+ a4̟4+ a5̟5. The cases where
LG(λ) ∼= VG(λ) have been marked with a (*).
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G β Pairs of classes not separated by LG(β)
G2 ̟1 p = 3 (A˜1)3, A˜1
F4 ̟4 p = 3 C3, F4(a2)
A˜2, A˜2A1
p = 2 (A˜1)2, A˜1
(A˜2A1)2, A˜2A1
(B2)2, B2
(C3(a1))2, C3(a1)
E6 ̟2 p = 2 A3A1, A
2
2
A1
E7 ̟1 p = 3 A2A
3
1
, A2
2
D5A1, D6(a1)
p = 2 D6(a2), A5A1
(A3A2), (A3A2)2
E8 ̟8 p = 2 A5A1, D6(a2)
D5(a1)A1, (D4A2)2
D4(a1)A1, (A3A2)2
D6(a1), E7(a4)
E7(a3), (D7(a1))2
E6A1, E7(a2)
E7(a1), E8(b4)
Table 8.2: For adjoint G simple of exceptional type, all pairs of unipotent
conjugacy classes which are not separated by LG(β), where β is the highest
short root.
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λ Jordan blocks on LG(λ)
̟1 1
2, 27, 66, 810
̟2 2
28, 620, 892
̟3 1
6, 256, 410, 670, 8816
̟4 ?
̟5 2
128, 432, 664, 82552
̟6 1
2, 218, 42, 618, 8140
̟7 2
2, 66, 82
Table 8.3: G = E7, p = 2: Jordan block sizes of unipotent elements in classes
A5A1 and D6(a2) acting on LG(̟i).
Class Jordan blocks
G2 7
G2(a1) 1, 3
2
(A˜1)3 2
2, 3
A˜1 1
3, 22
A1 2
2, 3
Table 8.4: G = G2, p = 3: Unipotent elements acting on LG(̟2).
Class Jordan blocks
G2 6
G2(a1) 3
2
A˜1 2
3
A1 1
2, 22
Table 8.5: G = G2, p = 2: Unipotent elements acting on LG(̟1).
Class Jordan blocks
F4 1, 9, 15
F4(a1) 7, 9
2
F4(a2) 1, 3, 6
2, 9
F4(a3) 1, 3
3, 53
C3 1, 3, 6
2, 9
B3 1
4, 73
C3(a1) 2
2, 3, 42, 52
A˜2A1 1, 3
8
Class Jordan blocks
A2A˜1 2
2, 37
B2 1
4, 44, 5
A˜2 1, 3
8
A2 1
7, 36
A1A˜1 1
4, 26, 33
A˜1 1
6, 28, 3
A1 1
13, 26
Table 8.6: G = F4, p = 3: Unipotent elements acting on LG(̟4).
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Class Jordan blocks
F4 10, 16
F4(a1) 2, 8
3
F4(a2) 5
2, 82
F4(a3) 1
2, 46
C3 1
2, 23, 63
B3 6
3, 8
(C3(a1))2 2
3, 45
C3(a1) 1
4, 2, 45
(A˜2A1)2 2
2, 32, 44
A˜2A1 2
6, 32, 42
Class Jordan blocks
A2A˜1 2
2, 32, 44
(B2)2 2
3, 45
B2 1
4, 2, 45
A˜2 1
8, 36
A2 3
6, 42
A1A˜1 1
2, 212
(A˜1)2 1
6, 210
A˜1 1
14, 26
A1 1
6, 210
Table 8.7: G = F4, p = 2: Unipotent elements acting on LG(̟1).
Class Jordan blocks
E6 1, 9
3, 152, 19
E6(a1) 5, 9
8
E6(a3) 1, 3
3, 64, 7, 94
D5 7
2, 97
D5(a1) 2
2, 32, 64, 82, 93
A5 1
4, 32, 64, 82, 93
A4A1 3
6, 53, 62, 7, 82, 9
A2
2
A1 1, 2
2, 324
D4 1
7, 3, 77, 92
D4(a1) 1, 3
9, 56, 62, 7
Class Jordan blocks
A4 1
3, 35, 53, 75, 9
A3A1 1
3, 22, 34, 46, 53, 62, 7
A2A
2
1 2
4, 323
A2
2
18, 323
A3 1
10, 3, 48, 55, 7
A2A1 1
7, 22, 322
A31 1
10, 214, 313
A2 1
14, 321
A2
1
121, 216, 38
A1 1
34, 220, 3
Table 8.8: G = E6, p = 3: Unipotent elements acting on LG(̟2).
Class Jordan blocks
E6 2, 6, 10
2, 1634
E6(a1) 1
2, 52, 816, 112, 132, 1624
E6(a3) 1
2, 32, 54, 868
D5 2
3, 6, 870
D5(a1) 2
2, 436, 64, 850
A5 2
4, 66, 866
A4A1 1
2, 22, 32, 432, 52, 64, 72, 848
A2
2
A1 1
4, 26, 34, 4136
D4 1
8, 238, 636, 834
D4(a1) 1
6, 32, 4140
Class Jordan blocks
A4 1
6, 32, 428, 510, 72, 848
A3A1 2
10, 4138
A2A
2
1 1
4, 272, 38, 4100
A2
2
18, 312, 4132
A3 1
12, 24, 4138
A2A1 1
8, 268, 312, 498
A31 1
8, 2282
A2 1
84, 372, 468
A2
1
120, 2276
A1 1
156, 2208
Table 8.9: G = E6, p = 2: Unipotent elements acting on LG(̟1 +̟6).
19
Class Jordan blocks
E7 3
2, 910, 153, 186, 21, 2747
E7(a1) 9
32, 1832, 2725
E7(a2) 3
2, 962, 153, 1840, 21, 277
E7(a3) 1
4, 36, 64, 72, 946, 114, 126, 1510, 175, 1824, 19, 214, 242,
252, 273
E7(a4) 3
8, 68, 9163
E7(a5) 1
6, 330, 59, 618, 73, 9141
E6 3
14, 952, 1521, 1824, 217, 275
E6(a1) 9
171
E6(a3) 3
56, 656, 9115
D6 1
3, 22, 35, 64, 7, 82, 942, 104, 115, 124, 158, 164, 173, 1822,
193, 202, 212, 242, 25, 262, 272
D6(a1) 3
8, 68, 9163
D6(a2) 1
4, 24, 323, 48, 58, 614, 74, 84, 9138
A6 3
8, 68, 9163
D5A1 1
6, 36, 66, 86, 9159
D5(a1)A1 1
15, 351, 648, 712, 9111
A5A1 3
108, 9135
A4A2 3
96, 696, 975
A3A2A1 1
6, 3186, 59, 6120, 73, 921
D5 1
15, 33, 712, 9159
D5(a1) 1
12, 212, 344, 644, 712, 812, 9103
(A5)
′ 356, 656, 9115
(A5)
′′ 3108, 9135
D4(a1)A1 1
16, 24, 3166, 420, 511, 6106, 710, 84, 916
D4A1 1
27, 224, 331, 634, 721, 824, 992
A4A1 1
8, 28, 372, 416, 516, 672, 78, 88, 967
A3A2 1
4, 24, 3179, 48, 58, 6116, 74, 84, 918
A3A
2
1
122, 216, 3144, 426, 535, 684, 713, 810, 911
Table 8.10: G = E7, p = 3: Unipotent elements acting on LG(̟6).
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Class Jordan blocks
A2
2
A1 3
513
A2A
3
1 1
27, 3504
D4 1
105, 321, 784, 987
D4(a1) 1
42, 3156, 563, 672, 721, 915
A4 1
30, 365, 563, 632, 733, 964
(A3A1)
′ 140, 240, 395, 456, 556, 656, 716, 816, 96
(A3A1)
′′ 172, 3131, 5108, 632, 736, 910
A2
2
3513
A2A
2
1 1
24, 224, 3489
A4
1
1105, 278, 3426
A3 1
127, 216, 331, 4128, 565, 616, 731, 816, 9
A2A1 1
48, 248, 3465
(A31)
′ 1168, 2168, 3345
(A3
1
)′′ 1324, 3405
A2 1
189, 3450
A2
1
1288, 2288, 3225
A1 1
573, 2384, 366
Table 8.11:G = E7, p = 3: Unipotent elements acting on LG(̟6) (continued).
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Class Jordan blocks
E7 1
2, 62, 103, 14, 1616, 18, 222, 242, 262, 30, 3224
E7(a1) 8
3, 102, 14, 1676
E7(a2) 1
2, 2, 63, 84, 104, 142, 1672
E7(a3) 1
2, 22, 42, 62, 840, 104, 122, 1654
E7(a4) 4
9, 6, 8154
E7(a5) 2
4, 32, 414, 66, 8146
E6 1
2, 2, 63, 84, 104, 142, 1672
E6(a1) 1
2, 34, 56, 72, 832, 92, 114, 124, 134, 152, 1648
E6(a3) 1
4, 36, 48, 58, 74, 8144
D6 1
2, 26, 610, 826, 1013, 149, 1646
D6(a1) 4
9, 6, 8154
D6(a2) 1
2, 218, 42, 618, 8140
A6 4
6, 54, 72, 8152
D5A1 1
2, 25, 46, 6, 8154
D5(a1)A1 1
2, 28, 486, 68, 8108
A5A1 1
2, 218, 42, 618, 8140
A4A2 1
6, 24, 34, 480, 58, 64, 8108
A3A2A1 2
18, 32, 4308
D5 1
2, 25, 46, 6, 8154
D5(a1) 1
2, 28, 486, 68, 8108
(A5)
′ 16, 216, 42, 618, 8140
(A5)
′′ 16, 216, 42, 618, 8140
D4(a1)A1 1
4, 216, 32, 4308
Table 8.12: G = E7, p = 2: Unipotent elements acting on LG(̟6).
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Class Jordan blocks
D4A1 1
6, 290, 696, 864
A4A1 1
6, 210, 38, 468, 56, 616, 76, 898
A3A2 2
16, 36, 4306
(A3A2)2 2
18, 32, 4308
A3A
2
1
12, 240, 4298
A2
2
A1 1
10, 230, 312, 4292
A2A
3
1 1
14, 2176, 312, 4218
D4 1
26, 280, 696, 864
D4(a1) 1
12, 212, 32, 4308
A4 1
14, 320, 452, 526, 718, 892
(A3A1)
′ 16, 238, 4298
(A3A1)
′′ 16, 238, 4298
A22 1
38, 24, 336, 4280
A2A
2
1
118, 2172, 316, 4216
A4
1
114, 2630
A3 1
34, 224, 4298
A2A1 1
34, 2150, 344, 4202
(A31)
′ 138, 2618
(A3
1
)′′ 126, 2624
A2 1
186, 3192, 4128
A2
1
182, 2596
A1 1
378, 2448
Table 8.13:G = E7, p = 2: Unipotent elements acting on LG(̟6) (continued).
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Class Jordan blocks
E8 8, 16
5, 242, 32824
E8(a1) 8
3, 12, 1697, 20, 32778
E8(a2) 6, 8
5, 102, 16443, 22, 32604
E8(a3) 4
6, 62, 891, 10, 142, 16347, 18, 2498, 262, 32554
E8(a4) 4
2, 810, 124, 161648
E8(a5) 4
6, 62, 8194, 102, 161556
E8(a6) 3
2, 410, 54, 8886, 112, 161208
E8(a7) 2
12, 34, 4388, 54, 83112
E8(b4) 1
2, 24, 611, 823, 1012, 1410, 161624
E8(b5) 2
4, 32, 429, 63, 8164, 1234, 142, 161538
E8(b6) 2
12, 34, 4182, 52, 74, 8694, 92, 12196, 134, 161108
E7 1
6, 224, 4, 67, 857, 1035, 144, 16313, 1832, 223, 2464, 2633, 303, 32544
E7(a1) 1
2, 24, 611, 823, 1012, 1410, 161624
E7(a2) 1
6, 256, 4, 67, 8130, 1064, 146, 161536
E7(a3) 1
6, 224, 410, 638, 8819, 1037, 1434, 161174
E7(a4) 2
5, 32, 483, 62, 83268
E7(a5) 1
6, 264, 32, 4330, 670, 83078
D7 2
10, 4180, 87, 12201, 161456
(D7(a1))2 1
6, 224, 410, 638, 8819, 1037, 1434, 161174
D7(a1) 2
14, 4185, 63, 8697, 10, 12198, 142, 161108
D7(a2) 2
4, 420, 68, 83296
A7 4
26, 83300
E6A1 1
6, 256, 4, 67, 8130, 1064, 146, 161536
E6(a1)A1 1
10, 228, 36, 4152, 52, 636, 74, 8660, 1034, 112, 12162, 132, 1434, 152, 161090
E6(a3)A1 1
10, 260, 36, 4328, 668, 74, 83076
A6A1 1
6, 210, 36, 464, 54, 620, 83258
(D5A2)2 2
5, 32, 483, 62, 83268
D5A2 2
5, 32, 483, 62, 83268
D5(a1)A2 1
2, 226, 34, 41773, 63, 82416
A4A3 1
2, 226, 34, 41772, 52, 62, 82416
A4A2A1 1
10, 278, 34, 41710, 52, 668, 74, 82380
E6 1
62, 228, 4, 67, 8130, 1064, 146, 161536
E6(a1) 1
54, 22, 314, 4114, 570, 78, 8626, 964, 116, 12128, 1366, 156, 161088
E6(a3) 1
118, 22, 314, 4260, 5128, 712, 83072
D6 1
20, 2200, 4, 6175, 8497, 10229, 14170, 161024
D6(a1) 2
5, 32, 483, 62, 83268
D6(a2) 1
20, 2360, 414, 6402, 82912
Table 8.14: G = E8, p = 2: Unipotent elements acting on LG(̟7).
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Class Jordan blocks
A6 1
10, 322, 446, 524, 720, 83248
D5A1 1
6, 2121, 425, 62, 83268
D5(a1)A1 1
6, 282, 41713, 671, 82382
A5A1 1
20, 2360, 414, 6402, 82912
(D4A2)2 1
6, 282, 41713, 671, 82382
D4A2 1
28, 2370, 36, 41395, 6399, 82218
D4(a1)A2 1
8, 240, 316, 46592
A4A2 1
54, 220, 376, 41638, 574, 768, 82348
A4A
2
1 1
28, 2370, 36, 41394, 52, 6396, 74, 82216
A2
3
252, 46600
A3A2A1 1
8, 2170, 34, 46536
A2
2
A2
1
128, 2784, 34, 46224
D5 1
62, 293, 425, 62, 83268
D5(a1) 1
62, 254, 41713, 671, 82382
A5 1
76, 2332, 414, 6402, 82912
D4A1 1
50, 21800, 4, 61755, 81540
D4(a1)A1 1
12, 2168, 34, 46536
A4A1 1
72, 2312, 378, 41324, 570, 6328, 772, 82182
(A3A2)2 1
12, 2168, 34, 46536
A3A2 1
32, 2138, 344, 46516
A3A
2
1
120, 2790, 46226
A2
2
A1 1
136, 2662, 3140, 46156
A2A
3
1 1
58, 23550, 36, 44832
D4 1
298, 21676, 4, 61755, 81540
D4(a1) 1
248, 250, 34, 46536
A4 1
420, 22, 3350, 4994, 5458, 7340, 82048
A3A1 1
76, 2762, 46226
A2
2
1740, 228, 3804, 45824
A2A
2
1 1
170, 23426, 3142, 44764
A4
1
1104, 213200
A3 1
692, 2454, 46226
A2A1 1
774, 22796, 3798, 44436
A3
1
1352, 213076
A2 1
3650, 22, 33510, 43080
A2
1
11600, 212452
A1 1
7164, 29670
Table 8.15:G = E8, p = 2: Unipotent elements acting on LG(̟7) (continued).
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